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Abstract
We discuss the problems of dynamics of the gravitational field and
try to solve them according to quantum field theory by suggesting
canonical states for the gravitational field and its conjugate field. To
solve the problem of quantization of gravitational field, we assume
that the quantum gravitational field eI changes the geometry of curved
spacetime xµ, and relate this changing to quantization of the gravi-
tational field. We introduce a field piI and consider it as a canonical
momentum conjugates to a canonical gravitational field e˜I . We use
1
them in deriving the path integral of the gravitational field accord-
ing to quantum field theory, we get Lagrangian with dependence only
on the covariant derivative of the gravitational field eI , similarly to
Lagrangian of scalar field in curved spacetime. Then, we discuss the
case of free gravitational field. We find that this case takes place only
in background spacetime approximation of low matter density; weak
gravity. Similarly, we study the Plebanski two form complex field
Σi and derive its Lagrangian with dependence only on the covariant
derivative of Σi, which is represented in selfdual representation
∣∣Σi〉.
Then, We try to combine the gravitational and Plebanski fields into
one field: Kiµ. Finally, we derive the static potential of exchanging
gravitons between particles of scalar and spinor fields; the Newtonian
gravitational potential.
Key words: Canonical gravitational field, Conjugate momentum, Path
integral, Free gravitational propagator, Lagrangian of Plebanski field, Com-
bination of Plebanski and gravitational fields.
Introduction
We search for conditions allow us to consider the gravitational field as dy-
namical field. The problem of dynamics in general relativity is that space-
time is itself dynamical, that it acts on matter. But to define dynamical
gravitational field, we have to fix coordinates xµ on spacetime manifold M ,
and regard the gravitational field eI as dynamical field which interacts with
matter while keeping the charts xµ fixed. We will see that in background
spacetime the gravitational field can be considered as a free field similarly to
free quantum fields in flat spacetime.
To study dynamics of gravitational field which changes geometry of space-
time, we write the spin connection ωIJ of local Lorentz frame as ΩIJ+BIJ by
using a reference connection BIJ and a tensor ΩIJ . We relate this changing
in the geometry to fluctuation of the gravitational field. It is like to say that
the quantum gravitational field consists of quanta (like δeI), each of them
contributes to spin connection changes δωIJ , so dynamical changes in geom-
2
etry of spacetime. Those changes are seen in the tensor ΩIJ .
To define dynamical variables and so canonical states, we introduce an
anti-symmetric tensor piIJK by the formula ΩIJ = piK
IJeK and a field piI to
satisfy piIJK = piLε
LIJK. We consider piI as a canonical momentum conju-
gates to a canonical gravitational field e˜I = eeIµn
µ, where nµ is normal to
3D closed surface δM , which is embedded in arbitrary curved 4D spacetime
manifold M . The closed surface δM is parameterized by three parameters
X1, X2 and X3. We consider them in a certain gauge as spatial part of the
local-Lorentz frame XI : I = 0, 1, 2, 3. We will see that the path integral of
the gravitational field is independent of this gauge.
Therefore, the exterior derivative operator on the surface δM(X1, X2, X3)
leads to a changing along the normal of that surface in direction of the time
dX0 . That allows the 3D surface δM(X1, X2, X3) to extend, and so obtain-
ing the local-Lorentz frame (X0, X1, X2, X3). With that the gravitational
field propagates from one surface to another by the extension of those sur-
faces.
So we can introduce canonical states
∣∣e˜I〉 and ∣∣piI〉 represented in lo-
cal Lorentz frame and satisfy
〈
e˜I
∣∣ piI〉δM = exp i ∫δM e˜I(X)piI(X)d3X . We
use them in deriving the path integral of the gravitational field. We find
that there is no propagation on the dynamical spacetime xµ. But in the
background spacetime, the gravitational field propagates freely like the elec-
tromagnetic ans scalar fields.
We start with using our formula ωIJ = ΩIJ + BIJ in Einstein-Hilbert
Lagrangian L(e, ω) = cεIJKLe
I ∧ eJ ∧RKL(ω), we get
L(e,Ω, B) = cεIJKLe
I∧eJ∧(Ω ∧ Ω + dΩ+ dB + Ω ∧B +B ∧ Ω +B ∧ B)KL .
Because ΩIJ is tensor, the part cεIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL of this Lagrangian
is scalar. If we use this part in path integral for the states
∣∣e˜I〉 and ∣∣piI〉,
with eq.(1.4), we get the Lagrangian
L(e,Ω, B) = cεIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL + piIDe˜
Id3X.
Similarly to the path integral of one particle in one dimension for the states
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|x, t〉 = eiHt |x〉, with using the formula 〈x | p〉 = (2pi)−1/2 exp(ipx), which is
〈x2, t2 | x1, t1〉 =
∫
DxDp exp i
t2∫
t1
dt (px˙−H).
The role of the term cεIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL in our Lagrangian is same
role of the Hamiltonian H in this path integral, while the term piIDe˜
Id3X is
similar to the term px˙. Therefore, we suggest the equality
cεIJKLe
I ∧ eJ ∧ (dΩ + dB + Ω ∧ B +B ∧ Ω+B ∧B)KL = piIDe˜
Id3X.
We try to show that there is at least one solution for this equation at end
of section 1, (1.24). The covariant derivative D = d + ω includes ω, so this
equality does not decrease the number of variables, eI and ωIJ .
Because the exterior derivative De˜I allows expanding of the 3D closed
surface δM , we consider the term piIDe˜
Id3X as a kinetic energy which relates
to the expansion of those surfaces, while consider the term cεIJKLe
I ∧ eJ ∧
(Ω ∧ Ω)KL as gravitational energy of e˜I on the surface δM on which the
states
∣∣e˜I〉 and ∣∣piI〉 are defined, eq.(1.4). Finally, we get the Lagrangian:
L(e, ω) =
1
4piG
1
4
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
ed4x,
where the covariant derivative D is defined in DV I = dV I + ωIJ ∧ V
J , here
we use the usual spin connection ωIJ not our ΩIJ + BIJ . Actually, we use
ΩIJ +BIJ just for getting this Lagrangian. Therefore, we consider the states∣∣eIµ〉 and ∣∣ωIJµ 〉 for the path integral of this Lagrangian.
We will show that this Lagrangian gives Einstein’s equation in vacuum
1.23, and write this Lagrangian using Riemann curvature tensor (Rµν)IJ . For
Dµe
Iµ = 0, we get
Ld4x→
1
48c
1
2
(
eµID
2eIµ + e
IµeJν(Rµν)IJ
)
ed4x.
We use same method for Plebanski two form real field ΣIJµν and get the
Lagrangian
L(e,Σ) = −4c′ (DµΣ
νρ
IJ)
(
DµΣIJνρ
)
ed4x.
4
Then, we write this Lagrangian using the complex Plebanski selfdual two-
form Σiµν , and search for the reality conditions.
1 Lagrangian and path integral of quantum
gravitational field
We use the indices notation µ, ν, ... = 0, 1, 2, 3 for 4D spacetime tangent
space on arbitrary spacetime manifold M , and the indices notation I, J, ... =
0, 1, 2, 3 for 4D Lorentz tangent space with the metric [− + ++]. At each
point xµ in the manifold M , we define gravitational field eI = eIµ(x)dx
µ, and
spin connection ωIJ(x) = ωIJµ (x)dx
µ with values in Lie algebra of Lorentz
group SO(3, 1). The spin connection defines covariant derivative Dµ on all
fields that have Lorentz indices (I, J, ...)[1, 2]:
Dµv
I = ∂µv
I + ωIµJv
J .
The gravitational field determines compatible spin connection by
DeI = deI + ωIJ ∧ e
J = 0.
Actually we consider this solution for the spin connection as a classical limit.
So, the quantum fluctuation of gravitational field eI violates this formula.
The spin connection transforms under local Lorentz transformation L(x)IJ ,
in a matrix notation, as[3]
ω′ = LωL−1 + LdL−1 or ω′µdx
µ = LωµL
−1dxµ + L∂µL
−1dxµ.
We write the connection ω as
ωµdx
µ = Ωµdx
µ +Bµdx
µ, (1.1)
where BIJ is a reference connection (consider it as spin connection in the vacuum),
and ΩIJµ dx
µ is a tensor, so it transforms covariantly under local Lorentz trans-
formation: LΩL−1 = Ω′. Therefore,
L (ω − B)L−1 = ω′ − B′
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which yields
B′ = LBL−1 + LdL−1 with ω′ = LωL−1 + LdL−1, (1.2)
for B =
(
BIJ
)
and ω =
(
ωIJ
)
,
and also yields
B′ = LBL−1 − (dL)L−1 with ω′ = LωL−1 − (dL)L−1, (1.3)
for B =
(
BIJ
)
and ω =
(
ωIJ
)
.
For dynamical gravitational field, let us suggest an anti-symmetry tensor
piIJK to satisfy
ΩIJ = piK
IJeK .
We consider it as a conjugate momentum represented in the local Lorentz
frame and acts on its vectors. Therefore, we consider it as dynamical opera-
tor. Let us introduce a field piI to satisfy
piIJK = piLε
LIJK .
The element
eεµνρσdx
ν ∧ dxρ ∧ dxσ/3! = d3xµ
is a co-vector, as ∂µ, therefore
piKe
Kµd3xµ = piKe
Kµeεµνρσdx
ν ∧ dxρ ∧ dxσ/3!
is invariant under local Lorentz transformation V I → LIJ(x)V
J and under
arbitrary changing of the coordinates dxµ → Λµν(x)dx
ν .
Let us integral it over 3D closed surface δM in arbitrary curved spacetime
manifold M , and introduce the phase
exp i
∮
δM
piIe
Iµeεµνρσdx
ν ∧ dxρ ∧ dxσ/3!
in which we can define a canonical gravitational field e˜I via
e˜Id3X = e˜IdX1 ∧ dX2 ∧ dX3 ≡ eIµeεµνρσdx
ν ∧ dxρ ∧ dxσ/3!,
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or
e˜I = eeIµnµ
(
X i
)
,
where
nµ(X
i) =
εµνρσ
3!
∂xν
∂X i
∂xρ
∂Xj
∂xσ
∂Xk
εijk
3!
is the normal to the surface δM(X1, X2, X3). So, we get
exp i
∮
δM
piI e˜
Id3X,
with the parameters XI : I = i = 1, 2, 3 parameterize the closed 3D surface
δM . As mentioned before, in a certain gauge, we consider those parameters
as spatial part of the local-Lorentz frame XI : I = 0, 1, 2, 3. Therefore, the
exterior derivative on the surface δM is along the direction of the time dX0,
which is the direction of the normal to the surface δM(X1, X2, X3). We will
see that the result of the path integral is independent of this gauge.
By comparing the previous formula with
〈φ | pi〉 = exp i
∫
d3Xφ(X)pi(X)/~,
which is a canonical formula in the scalar field theory on flat spacetime[4],
for ~ = 1, we suggest canonical states
∣∣e˜I〉 and ∣∣piI〉 with
〈
e˜I
∣∣ piI〉δM = exp i
∫
δM
e˜I(X)piI(X)d
3X, (1.4)
where piI is canonical momentum conjugates to e˜
I . Let us write this formula
on the surface δM(X i) as
〈
e˜I
∣∣ piI〉δM =
∏
n,I
〈
e˜I (xn + dxn)
∣∣ piI (xn)〉δM ,
with〈
e˜I (xn + dxn)
∣∣ piI (xn)〉δM = exp iU IJ (xn+dxn, xn)e˜J(xn+dxn)piI(xn)d3X,
where
U(xn + dxn, xn) = I + ωµ(xn)dx
µ +O(dx2) ∈ SO(3, 1)
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is parallel transport that produces covariant exterior derivative as
U IJ (xn + dxn, xn)e˜
J(xn + dxn)− e˜
I(xn) = De˜
I(xn) +O(dx
3),
with
De˜I = de˜I + ωIJ ∧ e˜
J .
In general, for two points in adjacent surfaces δM1 and δM2, let us rewrite
it as
〈
e˜I (xn + dxn)
∣∣ piI (xn)〉 = exp iU IJ (xn+ dxn, xn)e˜J(xn+ dxn)piI(xn)d3X.
(1.5)
The exterior covaraint derivative
U IJ (xn + dxn, xn)e˜
J(xn + dxn)− e˜
I(xn) = De˜
I(xn) +O(dx
3)
is along the time dX0 in the direction of the normal nµ(X i) to the surface
δM1. It allows the extension of this surface: δM(X
1, X2, X3)→ M(X0, X1, X2, X3).
This leads to the propagation of those surfaces.
We need to make eˆd4xˆ commute with ˆ˜eId3X . For this purpose, we write
−ed4x = edxµ ∧ εµνρσdx
ν ∧ dxρ ∧ dxσ/4!
= edxµ ∧
εµνρσ
4!
∂xν
∂X i
∂xρ
∂Xj
∂xσ
∂Xk
εijk
3!
d3X =
1
4
edxµnµd
3X.
The indices i, j and k in our gauge are the local-Lorentz frame indices for
I = 1, 2, 3. We can rewrite it as
−ed4x =
1
4
edxµnµd
3X =
1
4
e
∂xµ
∂X0
nµd
3XdX0 =
1
4
eeµ0nµd
3XdX0.
Comparing it with the term
e˜Id3X = eIµeεµνρσdx
ν ∧ dxρ ∧ dxσ/3! = eeIµnµd
3X,
we find that it commutes with it:
[
eˆeˆIµnˆµd
3X, eˆeˆµ0 nˆµd
3XdX0
]
= 0→
[
ˆ˜eId3X, eˆd4xˆ
]
= 0,
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where
[
eˆIµ, eˆ
J
ν
]
= 0 . Thus, the operator eˆd4xˆ takes eigenvalues when it acts
on the states
∣∣e˜I〉.
The Einstein’s action for gravity written in the first order formalism is
expressed by[5]
S(e, ω) =
1
16piG
∫
εIJKL
(
eI ∧ eJ ∧RKL(ω) + λeI ∧ eJ ∧ eK ∧ eL
)
.
Let us consider only the first term:
S(e, ω) = c
∫
εIJKLe
I ∧ eJ ∧ RKL(ω), (1.6)
where C is constant. The Riemann curvature here is
RKL(ω) = dωKL + ωKM ∧ ω
ML.
Inserting the formula we suggested before:
ωIJ = ΩIJ +BIJ , ΩIJ = piK
IJeK , (1.7)
the action becomes
S(e, pi) = c
∫
εIJKLe
I∧eJ∧(dΩ+ dB + Ω ∧ Ω + Ω ∧B +B ∧ Ω +B ∧ B)KL .
(1.8)
As we suggested before that ΩIJ transforms covariantly, so the remaining
term dΩ+ dB + Ω ∧ B +B ∧ Ω+B ∧B also transforms covariantly, this is
because the Lagrangian transforms covariantly.
Let us test it by using the formulas eq.(1.1), eq.(1.2) and eq.(1.3), it becomes
d (LΩL−1) + d (LBL−1 + LdL−1) + LΩL−1 ∧ (LBL−1 + LdL−1)
+ (LBL−1 − (dL)L−1) ∧ LΩL−1 + (LBL−1 − (dL)L−1) ∧ (LBL−1 + LdL−1) .
Expanding it:
(dL) ∧ ΩL−1 + L (dΩ)L−1 − LΩ ∧ (dL−1) + (dL) ∧ BL−1 + L (dB)L−1 − LB ∧ dL−1
+ (dL) ∧ dL−1 + LΩL−1 ∧ LBL−1 + LΩL−1 ∧ LdL−1 + LBL−1 ∧ LΩL−1
−(dL)L−1 ∧ LΩL−1 + LBL−1 ∧ LBL−1 − (dL)L−1 ∧ LBL−1 + LBL−1 ∧ LdL−1
−(dL)L−1 ∧ LdL−1,
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so
(dL) ∧ ΩL−1 + L (dΩ)L−1 − LΩ ∧ (dL−1) + (dL) ∧ BL−1 + L (dB)L−1 − LB ∧ dL−1
+ (dL) ∧ dL−1 + LΩ ∧BL−1 + LΩ ∧ dL−1 + LB ∧ ΩL−1 − (dL) ∧ ΩL−1
+LB ∧BL−1 − (dL) ∧ BL−1 + LB ∧ dL−1 − (dL) ∧ dL−1,
it becomes
L (dΩ)L−1 + L (dB)L−1 + LΩ ∧ BL−1 + LB ∧ ΩL−1 + LB ∧BL−1.
As expected, it transforms covariantly. Therefore, we can choose the equality
cεIJKLe
I∧eJ∧(dΩ+ dB + Ω ∧B +B ∧ Ω+B ∧ B)KL = piIDe˜
Id3X, (1.9)
where De˜I is the exterior covariant derivative of e˜I along the normal of the
surface δM(X1, X2, X3) as mentioned before. We try to show that there is
at least one solution for this equation at end of this section (1.24), with piI
given in 1.14.
We postulated this equality because if we use the action cεIJKLe
I ∧ eJ ∧
(Ω ∧ Ω)KL in the path integral for the states
∣∣e˜I〉 and ∣∣piI〉, with 1.4 and 1.5,
we get the action
S(e, pi) =
∫ (
cεIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL + piIDe˜
Id3X
)
. (1.10)
For piI = 0, with the formulas ω = Ω + B and ΩIJ = piK
IJeK , thus 1.9
becomes
εIJKLe
I ∧ eJ ∧ (dB +B ∧ B)KL = 0.
This is the Lagrangian of general relativity in the vacuum (for L = H = 0),
therefore we can consider the reference connection B as spin connection in
the vacuum.
Now, we get the Lagrangian 1.10 by using the path integral for the action
S1:
S1 = c
∫
εIJKLe
I∧eJ∧(Ω ∧ Ω)KL = c
∫
εIJKLe
I∧eJ∧ΩKM∧Ω
ML. (1.11)
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We use our assumption ΩIJ = piK
IJeK in this action, we get
S1 = c
∫
εIJKLe
I ∧ eJ ∧
(
piK1
K
M
)
eK1 ∧
(
piK2
ML
)
eK2 .
Making the replacement
eI ∧ eJ ∧ eK1 ∧ eK2 → εIJK1K2e0 ∧ e1 ∧ e2 ∧ e3,
we get
S1 = c
∫
εIJKL
(
piK1
K
M
) (
piK2
ML
)
εIJK1K2e0 ∧ e1 ∧ e2 ∧ e3.
Inserting the relation piIJL = piKε
KIJL we imposed before, and using εIJKLε
IJK1K2 =
−2
(
δK1K δ
K2
L − δ
K1
L δ
K2
K
)
, we obtain
S1 = c
∫
2piIεILMKpiJε
JLMKe0 ∧ e1 ∧ e2 ∧ e3,
and using εILMKε
JLMK = −6δJI , it becomes
S1 = −12c
∫
piIpi
Ie0 ∧ e1 ∧ e2 ∧ e3,
so
S1 = −12c
∫
pi2ed4x. (1.12)
This action is scalar, so we can use it in the path integral for the states
∣∣e˜I〉.
We consider −12c
∫
pi2ed4x as self-energy of e˜I on the closed surface δM on
which the states
∣∣e˜I〉 and ∣∣piI〉 are defined with 1.4 and 1.5. As we saw before,
in our gauge, the operator eˆd4x takes eigenvalues when it acts on the states∣∣e˜I〉. Using 1.5, we get the amplitude
〈
e˜I (x+ dx)
∣∣ eiSˆ1 |piI (x)〉 = 〈e˜I (x+ dx)∣∣ e−i12cpˆi2eˆd4x |piI (x)〉
= exp
(
−i12cpi2 (x) e (x+ dx) d4x+ iU IJ (x+ dx, x)e˜
J(x+ dx)piI(x)d
3X
)
→ exp
(
−i12cpi2 (x) e (x) d4x+ iU IJ (x+ dx, x)e˜
J (x+ dx)piI(x)d
3X
)
.
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The amplitude of the propagation between two points x and x+dx of adjacent
surfaces δM1 and δM2 is
〈e˜I (x+ dx)| e
−ic12pˆi2eˆd4x
∣∣e˜I (x)〉
δM1→δM2
=
∫ ∏
I
dpiI 〈e˜I (x+ dx)| e
−ic12pˆi2eˆd4x
∣∣piI (x)〉
δM1→δM2
〈
piI (x)
∣∣ e˜I (x)〉
δM1
=
∫ ∏
I
dpiI exp
[
−i12cpi2 (x) e (x+ dx) d4x+ iU IJ e˜
J(x+ dx)piI(x)d
3X
]
exp
(
−ie˜I(x)piI(x)d
3X
)
→
∫ ∏
I
dpiI exp
[
−i12cpi2 (x) e (x) d4x+ i
(
U IJ (x+ dx, x)e˜
J(x+ dx)− e˜I(x)
)
piI(x)d
3X
]
.
The exterior covariant derivative
(
U IJ (x+ dx, x)e˜
J(x+ dx)− e˜I(x)
)
d3X = D0e˜
I(x)dX0d3X+O(dx6) = De˜I(x)d3X+O(dx6)
is along the direction of time dX0; the direction of the normal to the surface
δM(X1, X2, X3). So, it leads to propagation from one surface to another.
Thus, we write the amplitude as
〈e˜I (x+ dx)| e
−ic12pˆi2eˆd4x
∣∣e˜I (x)〉
δM1→δM2
=
∫ ∏
I
dpiI exp
[
−i12cpi2 (x) e (x) d4x+ ipiI(x)De˜
I(x)d3X
]
.
The path integral is the integral of ordered product of those amplitudes on
all not intersected 3D closed surfaces, thus we write it as
W =
∫ ∏
I
De˜IDpiI exp i
∫ (
−12cpi2ed4x+ piIDe˜
Id3X
)
=
∫ ∏
I
De˜IDpiI exp i
∫ (
−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X
)
.
Thus, we obtained the same action 1.10. There is no problem with Lorentz
non-invariance in ∂e˜
I(x)
∂X0
d3XdX0, because the equation of motion we get from
this path integral is
∂e˜I(x)
∂X0
∝ −piI ,
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so
∂e˜I(x)
∂X0
piId
3XdX0 ∝ −piIpi
Id3XdX0.
This is Lorentz invariant. It is similar to equation of motion of scalar field
φ; pi = ∂0φ, which solves the same problem.
In our gauge, we have
piIpi
Id3XdX0 → pi2dX0 ∧ dX1 ∧ dX2 ∧ dX3 = pi2e0µe
1
νe
2
ρe
3
σdx
µ ∧ dxν ∧ dxρ ∧ dxσ
= pi2e0µe
1
νe
2
ρe
3
σε
µνρσd4x = pi2ed4x,
it is an invariant element.
The path integral
W =
∫ ∏
I
De˜IDpiI exp i
∫ (
−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X
)
(1.13)
vanishes unless
δS(pi, e)
δpiI
=
δ
δpiI
(
−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X
)
= −24cpiIe0 ∧ e1 ∧ e2 ∧ e3 +De˜Id3X = 0.
Therefore we get equation of motion of piI
piI =
1
24c
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1
De˜Id3X, (1.14)
or
piIpiJ =
1
(24c)2
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−2
De˜Id3XDe˜Jd3X. (1.15)
So,
−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X =
−1
48c
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
+
1
24c
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
.
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Inserting it in the path integral 1.13, we get
W =
∫ ∏
I
De˜Iexp
i
48c
∫ (
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
. (1.16)
Now, we calculate it using the gravitational field eI . The canonical field e˜I
is defined in
e˜Kd3X = eKµeεµνρσdx
ν ∧ dxρ ∧ dxσ/3!.
Applying the covariant exterior derivative, we get
(
De˜K
)
d3X =
(
Dµ1e
Kµ
)
eεµνρσdx
µ1 ∧ dxν ∧ dxρ ∧ dxσ/3!,
where the covariant derivative D is defined in
DV I = dV I + ωIJ ∧ V
J .
So the term
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
=
(De˜Id
3X)
(
De˜Id3X
)
e0 ∧ e1 ∧ e2 ∧ e3
, (1.17)
in the path integral 1.16, becomes
(Dµ1e
µ
I ) eεµνρσdx
µ1 ∧ dxν ∧ dxρ ∧ dxσ
(
Dµ2e
Iµ′
)
eεµ′ν′ρ′σ′dx
µ2 ∧ dxν
′
∧ dxρ
′
∧ dxσ
′
3!3!e0µ3e
1
ν3e
2
ρ3e
3
σ3dx
µ3 ∧ dxν3 ∧ dxρ3 ∧ dxσ3
.
(1.18)
The terms 1.17 and 1.18 contain only 4-forms, therefore the result is 4-form,
thus its component must be totally anti-symmetric. To get this result, we
do the following procedures.
Let us write the contraction dx
µ
dxν
= δµν as (dx
µ, ∂ν) = δ
µ
ν , and (d
3xµ, ∂3ν) =
δµν , with it we can define inversion as
(
e0µe
1
νe
2
ρe
3
σdx
µ ∧ dxν ∧ dxρ ∧ dxσ
)
−1
= Eµ
′
0 E
ν′
1 E
ρ′
2 E
σ′
3
∂
∂xσ′
∧
∂
∂xρ′
∧
∂
∂xν′
∧
∂
∂xµ′
.
We can rewrite:
e0µe
1
νe
2
ρe
3
σdx
µ ∧ dxν ∧ dxρ ∧ dxσ =
1
4
ed3xµ ∧ dx
µ.
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(Actually, we have to rewrite the tensors εµνρσ and εµνρσ as e
−1εµνρσ and
eεµνρσ, but here we neglect this because we get same results).
Also, we can rewrite:
Eµ
′
0 E
ν′
1 E
ρ′
2 E
σ′
3 ∂σ′ ∧ ∂ρ′ ∧ ∂ν′ ∧ ∂µ′ = E∂ν ∧ ∂
3ν ,
with index contracting like
(
E∂ν ∧ ∂
3ν
)(1
4
ed3xµ ∧ dx
µ
)
=
1
4
Ee∂ν∧∂
3νd3xµ∧dx
µ =
1
4
Ee
(
δνµ
)
∂νdx
µ = Ee = 1.
In general, we can write it as
(
E∂ν ∧ ∂
3ν
) (
ed3xµ′ ∧ dx
µ
)
= Ee∂ν ∧∂
3νd3xµ′ ∧dx
µ = Eeδνµ′∂νdx
µ = δµµ′ ,
or
(
E∂3ν ∧ ∂ν
) (
edxµ ∧ d3xµ′
)
= Ee∂3ν∧∂νdx
µ∧d3xµ′ = Eeδ
µ
ν ∂
3νd3xµ′ = δ
µ
µ′ ,
In the path integral term eq.(1.15), let us make the replacements:
(Dµ1e
µ
I ) eεµνρσdx
µ1∧dxν∧dxρ∧dxσ/3!→ (Dµ1e
µ
I ) edx
µ1∧d3xµ = − (Dµ1e
µ
I ) ed
3xµ∧dx
µ1 ,
and(
Dµ2e
Iµ′
)
eεµ′ν′ρ′σ′dx
µ2∧dxν
′
∧dxρ
′
∧dxσ
′
/3!→ −
(
Dµ2e
Iµ′
)
ed3xµ′∧dx
µ2 .
Let us assume the following replacement:
d3xµ ∧ dx
µ = −dxµ ∧ d
3xµ → d3xµ ∧ dx
µ1 = −dxµ ∧ d
3xµ1 .
There is no problem with this trick because in any 4D spacetime we have the
contraction (d3xµ ∧ dx
ν) = δνµd
4x.
Therefore, we make the replacement:
− (Dµ1e
µ
I ) ed
3xµ ∧ dx
µ1 → (Dµ1e
µ
I ) edxµ ∧ d
3xµ1 .
By that, the term
(Dµ1e
µ
I ) eεµνρσdx
µ1 ∧ dxν ∧ dxρ ∧ dxσ
(
Dµ2e
Iµ′
)
eεµ′ν′ρ′σ′dx
µ2 ∧ dxν
′
∧ dxρ
′
∧ dxσ
′
3!3!e0µ3e
1
ν3
e2ρ3e
3
σ3
dxµ3 ∧ dxν3 ∧ dxρ3 ∧ dxσ3
,
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in the path integral 1.16, becomes
−
(
E∂ν ∧ ∂
3ν
) (
(Dµ1e
µ
I ) edxµ ∧ d
3xµ1
) ((
Dµ2e
Iµ′
)
ed3xµ′ ∧ dx
µ2
)
= (Dµ1eIµ)
(
Dµ2e
Iµ′
)
e
(
∂ν ∧ ∂
3ν
) (
d3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
,
where we used
−dxµ ∧ d
3xµ1 = d3xµ1 ∧ dxµ then d
3xµ1 ∧ dx
µ.
Thus we can write
(De˜Id
3X)
(
De˜Id3X
)
e0 ∧ e1 ∧ e2 ∧ e3
→ (Dµ1eIµ)
(
Dµ2e
Iµ′
)
e
(
∂ν ∧ ∂
3ν
) (
d3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
.
Let us choose the contraction:
(
∂ν ∧ ∂
3ν
) (
d3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
=
(
∂ν ∧ ∂
3νd3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
= δνµ1 (∂ν ∧ dx
µ)
(
d3xµ′ ∧ dx
µ2
)
= δνµ1 (−dx
µ ∧ ∂ν)
(
−dxµ2 ∧ d3xµ′
)
= δνµ1dx
µ ∧ ∂νdx
µ2 ∧ d3xµ′ = δ
ν
µ1δ
µ2
ν dx
µ ∧ d3xµ′ .
So, in the path integral 1.16, we make the replacement:
(De˜Id
3X)
(
De˜Id3X
)
e0 ∧ e1 ∧ e2 ∧ e3
→ (Dµ1eIµ)
(
Dµ2e
Iµ′
)
eδνµ1δ
µ2
ν dx
µ ∧ d3xµ′
= (DνeIµ)
(
DνeIµ
′
)
edxµ ∧ d3xµ′ = − (DνeIµ)
(
DνeIµ
′
)
ed3xµ′ ∧ dx
µ
= − (DνeIµ)
(
DνeIµ
′
)
eδµµ′d
4x = − (DνeIµ)
(
DνeIµ
)
ed4x.
We can also choose another contraction:
(Dµ1eIµ)
(
Dµ2e
Iµ′
)
e
(
∂ν ∧ ∂
3ν
) (
d3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
→
(Dµ1eIµ)
(
Dµ2e
Iµ′
)
e
(
∂ν ∧ ∂
3νd3xµ1 ∧ dx
µ
) (
d3xµ′ ∧ dx
µ2
)
= (Dµ1eIµ)
(
Dµ2e
Iµ′
)
e
(
δνµ1∂νdx
µ
) (
d3xµ′ ∧ dx
µ2
)
= δνµ1δ
µ
ν (D
µ1eIµ)
(
Dµ2e
Iµ′
)
e
(
d3xµ′ ∧ dx
µ2
)
.
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So we get
(De˜Id
3X)
(
De˜Id3X
)
e0 ∧ e1 ∧ e2 ∧ e3
→ (DµeIµ)
(
Dµ′e
Iµ′
)
ed4x.
Considering the two possible contractions, we write final result as
−
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
=
1
2
(
Dµe
ν
ID
µeIν −Dµe
ν
IDνe
Iµ
)
ed4x.
This Lagrangian can be written as 4-form as required. It depends only on
covariant derivative of the gravitational field eI , similarly to Lagrangian of
electromagnetic field in curved spacetime. It is also independent of the gauge
we chose for the surface δM .
This Lagrangian is invariant under local Lorentz transformation V I → LIJ(x)V
J
and under any coordinate transformation V µ → ∂x
µ
∂x′ν
V ′ν .
The path integral of the gravitational field
W =
∫ ∏
I
De˜Iexp
i
48c
∫ (
e0 ∧ e1 ∧ e2 ∧ e3
)
−1 (
De˜Id
3X
) (
De˜Id3X
)
becomes
W =
∫ ∏
I
DeI exp
i
48c
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
ed4x,
with gravitational field Lagrangian:
Ld4x =
1
48c
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
ed4x. (1.19)
The covariant derivative D is defined as DV I = dV I + ωIJ ∧ V
J . This path
integral is now defined on the states
∣∣eIµ〉 and ∣∣ωIJµ 〉, but with considering
that it is integrated over ωIJµ . So, the equation of motion of ω
IJ
µ must be sat-
isfied in this Lagrangian. We determine the constant c using the Newtonian
gravitational potential c ≻ 0.
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Comparing 1.14 and 1.16 with 1.19, we get
pi2 =
1
(24c)2
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
, (1.20)
which determines pi2 for given eI and ωIJ .
In weak gravity, we can use the background spacetime approximation:
Dµ → ∂µ and e→ 1 + δe, so we get
L→
1
48c
1
2
(
−∂µe
ν
I∂
µeIν + ∂µe
ν
I∂νe
Iµ
)
or
L0 =
1
48c
1
2
ηIJe
I
µ
(
gµν∂2 − ∂µ∂ν
)
eJν .
But, in strong gravity, we can not use this approximation. So, we have a
problem with the determinant e in the path integral
W =
∫ ∏
I
DeIexp
i
48c
∫
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
e0µ1e
1
ν1
e2ρe
3
σε
µ1ν1ρσd4x.
Or ∫ ∏
I
DeIexp
i
48c
∫
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
ed4x.
The path integral is independent of arbitrary changing of the coordinates xµ,
this changes the determinant e→ e′ = e+ δe, then we have
δS
δe
= 0,
it yields
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ = 0→ Dµe
Iν = 0.
So,
L (ω, e) = 0, then H (ω, e) = 0.
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This path integral is trivial; there is no propagation because there is no grav-
itational energy: H (ω, e) = 0. The reason is that the gravitational field eIµ
has the entity of spacetime. It is impossible for spacetime to be dynamical
on itself, to propagate over itself.
But, if we use the approximation eIµ(x) → δ
I
µ + h
I
µ(x), the path integral
exists. So, the propagation is possible. Thus, the gravitational field propa-
gates freely only on background spacetime. This is case of weak gravity at
low energy densities.
In background spacetime, we set g = η and kµe
µI = 0, so the path integral
of weak gravitational field becomes
W =
∫ ∏
I
DeI expi
∫
1
48c
1
2
eIµ
(
ηIJg
µν∂2 − ηIJ∂
µ∂ν
)
eJνd
4x. (1.21)
Thus, the free gravitational field propagator becomes
∆µνIJ (x2 − x1) = 48c
∫
d4k
(2pi)4
ηIJg
µνeik(x2−x1)
k2 − iε
,
or
∆µνρσ(x2 − x1) = 48c
∫
d4k
(2pi)4
gρσg
µνeik(x2−x1)
k2 − iε
. (1.22)
We will use this propagation in gravitational field interaction with scalar and
spinor fields.
Let us write the Lagrangian 1.19 using Riemann curvature. Integrate it
by parts, we get
Ld4x→
1
48c
1
2
(
eνID
µDµe
I
ν − eI
νDµDνe
Iµ
)
ed4x,
and using DµDν = [Dµ, Dν ] +DνDµ, we get
Ld4x→
1
48c
1
2
(
eνID
µDµe
I
ν − eI
ν [Dµ, Dν ]e
Iµ − eI
νDνDµe
Iµ
)
ed4x.
But, [Dµ, Dν ]e
Iµ = (Rµν)
I
Je
Jµ, where (Rµν)
I
J is Riemann curvature tensor.
So
Ld4x→
1
48c
1
2
(
eµID
2eIµ − eI
µDµDνe
Iν + eIµeJν(Rµν)IJ
)
ed4x.
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The term eIµeJν(Rµν)IJe is usual Lagrangian of general relativity which gives
Einstein equation in vacuum.
δ
δeµI
∫
eIµeJν(Rµν)IJed
4x→ RIµ −
1
2
ReIµ = 0. (1.23)
In order to get same equation, we set
δ
δeµI
(eµID
ρDρe
I
µ − eI
µDµDνe
Iν) = DρDρe
I
µ −DµDνe
Iν = 0.
It is satisfied by choosing Dµe
I
ν = 0 which relates the connection with e
I
ν .
Now, we simplify the formula 1.9:
cεIJKLe
I∧eJ∧(dΩ+ dB + Ω ∧B +B ∧ Ω +B ∧ B)KL = piIDe˜
Id3X (1.24)
by using the equation 1.14 of the momentum piI :
piI =
1
24c
(
e0 ∧ e1 ∧ e2 ∧ e3
)
−1
De˜Id3X.
Omitting De˜Id3X from both equations, we get
εIJKLe
I ∧ eJ ∧ (dΩ+ dB + Ω ∧B +B ∧ Ω +B ∧ B)KL = 24pi2
(
e0 ∧ e1 ∧ e2 ∧ e2
)
= 24pi2ed4x.
From 1.11 and 1.12, we get
εIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL = −12pi2ed4x.
Using it in the previous formula, we get
εIJKLe
I ∧ eJ ∧ (dΩ+ dB + Ω ∧B +B ∧ Ω +B ∧ B)KL
= −2εIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL .
Or
εIJKLe
I ∧eJ ∧ (dΩ+dB+Ω∧B+B∧Ω+B ∧B+2Ω∧Ω)KL = 0, (1.25)
this formula determines the tensor Ω as a function of eI and BIJ .
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We need to show that there is at least one solution for this equation. Let
us choose
εIJKLe
I ∧ eJ ∧ (dB +B ∧ B)KL = −Fed4x, (1.26)
where F is a scalar function. Therefore eq.(1.20) becomes
εIJKLe
I ∧ eJ ∧ (dΩ+ Ω ∧B +B ∧ Ω + 2Ω ∧ Ω)KL = Fed4x,
multiplying with 2, it becomes
εIJKLe
I ∧ eJ ∧ (d2Ω + 2Ω ∧ B +B ∧ 2Ω + 2Ω ∧ 2Ω)KL = 2Fed4x,
and adding eq.(1.21) again, we obtain
εIJKLe
I ∧ eJ ∧ (d(2Ω +B) + (2Ω +B) ∧ (2Ω +B))KL = Fed4x.
For 2Ω +B = ω′, we have
εIJKLe
I ∧ eJ ∧ (dω′ + ω′ ∧ ω′)KL = Fed4x. (1.27)
The solutions of 1.26 and 1.27 are same that of the formula 1.9 with 1.14.
For given eI and BIJ , we obtain F from 1.26 and by using it in 1.27
we obtain ω′IJ . Therefore we obtain the tensor ΩIJ = (ω′ − B)IJ /2 from
which we calculate the conjugate momentum piI by using ΩIJ = piIJKeK and
piIJK = piLε
LIJK. And so obtaining the connection 1.7, ωIJ = ΩIJ + BIJ .
Using 1.14, we obtain De˜Id3X .
For given eI and the connection ωIJ in the Lagrangian 1.19, we determine
the tensor ΩIJ by using the conjugate momentum piI which can be determined
from pi2, where we use the given eI and ωIJ in 1.20:
pi2 =
1
(24c)2
1
2
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
.
We use ω = Ω+B in ω′ = 2Ω+B to get ω′ = Ω+ω, then use ω′ in 1.27 to get
F which can be used in 1.26 to determine the connection B. Therefore from
known eI and ωIJ , we get the conjugate momentum piI and the connection
B which satisfy 1.9 with 1.14. Therefore there is at least one solution for the
formula 1.9 with eI and ωIJ are given.
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2 Lagrangian of the Plebanski two form field
The Plebanski two form complex field Σi, in selfdual representation |Σi〉, is
defined by Σi = P iIJΣ
IJ , where ΣIJ = eI ∧eJ is real anti-symmetric two form
and P i is selfdual projector given in[7, 8]
(
P i
)
jk
=
1
2
εijk ,
(
P i
)
0j
=
i
2
δij : i = I for I = 1, 2, 3.
That is
Σi =
1
2
εijke
j ∧ ek + ie0 ∧ ei
The complex field Σi has spatial Lorentz index i = I = 1, 2, 3, so it trans-
forms under SO(3), the subgroup of Lorentz group SO(3, 1). We derive its
Lagrangian with dependence only on the covariant derivative of it, then we
search for conditions which satisfy reality of the Lagrangian. We start with
Lagrangian of the gravitational field eq.(1.6):
S(e, ω) = c
∫
εIJKLe
I∧eJ∧(dΩ + dB + Ω ∧ Ω+ Ω ∧ B +B ∧ Ω+B ∧B)KL .
As we did before, we try to find Lagrangian that transforms covariantly under
Local Lorentz transformations and contains only Σi, and cancel out the re-
maining terms. For that, we separate the action S(e, ω) to S(e,Ω)+S(e,Ω∧
B,B). Because the actions S(e, ω) and S(e,Ω) transform covariantly, the
action S(e,Ω ∧ B,B) also transforms covariantly. Therefore, we can choose
S(e,Ω ∧ B,B) = 0.
We get Lagrangian with terms (∗DΣi) ∧DΣ
i and (∗DΣIJ) ∧DΣ
IJ simi-
larly to electromagnetic field. With a metric gµν on M .
Let us write this action as∫
εIJKLe
I ∧ eJ ∧ (dΩ+ Ω ∧ Ω)KL + I(e,Ω ∧B,B).
Using the assumption ΩIJ = piM
IJeM in the first part, we obtain
S(e, pi) =
c
∫ [
εIJKLe
I ∧ eJ ∧ d
(
piM
KLeM
)
+ εIJKLe
I ∧ eJ ∧
(
piK1
K
M
)
eK1 ∧
(
piK2
ML
)
eK2
]
+ I(e,Ω ∧ B,B).
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We assume that the integral of
εIJKLd
(
eI ∧ eJ ∧
(
piM
KLeM
))
= εIJKLd
(
ΣIJ ∧
(
piM
KLeM
))
is zero at infinities. Using
dΣIJ∧
(
piM
KL
)
eM+eI∧eJ∧d
(
piM
KLeM
)
= −
(
piM
KL
)
eM∧dΣIJ+eI∧eJ∧d
(
piM
KLeM
)
,
the action becomes
S(e, pi) =c
∫ [
εIJKL
(
piM
KL
)
eM ∧ dΣIJ + εIJKLΣ
IJ ∧
(
piK1
K
M
) (
piK2
ML
)
eK1 ∧ eK2
]
+ I(e,Ω ∧ B,B),
or
S(e, pi) =c
∫ [
εIJKL
(
piM
KL
)
eM ∧ dΣIJ + εIJKL
(
piK1
K
M
) (
piK2
ML
)
ΣIJ ∧ ΣK1K2
]
+ I(e,Ω ∧ B,B).
Using our assumption:
piIJK = piLε
LIJK ,
we get
εIJKL
(
piM
KL
)
eM = εIJKLpi
MKLeM = εIJKLpiNε
NMKLeM = −2 (piIeJ − piJeI) .
Making the replacement:
ΣIJ ∧ ΣK1K2 → εIJK1K2Σ01 ∧ Σ23,
we get
εIJKL
(
piK1
K
M
) (
piK2
ML
)
ΣIJ ∧ ΣK1K2 = εIJKL
(
piK1
K
M
) (
piK2
ML
)
εIJK1K2Σ01 ∧ Σ23
= 2
(
piL
K
M
) (
piK
ML
)
Σ01 ∧ Σ23 = 2 (piLKM)
(
piKML
)
Σ01 ∧ Σ23
= 2 (piKML)
(
piKML
)
Σ01 ∧ Σ23 = 2piIεIKMLpiJε
JKMLΣ01 ∧ Σ23
= −12pi2Σ01 ∧ Σ23.
Therefore, the action becomes
S(e, pi,Σ) = c
∫ [
−2 (piIeJ − piJeI) ∧ dΣ
IJ − 12piIpi
IΣ01 ∧ Σ23
]
+I(e,Ω∧B,B).
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(2.1)
Because the real Plebanski two form ΣIJ = eI ∧ eJ is anti-symmetric, and
Σ01 ∧ Σ23 = ed4x, we can rewrite:
S(e, pi,Σ) = c
∫ [
−4piIeJ ∧ dΣ
IJ − 12piIpi
Ied4x
]
+ I(e,Ω ∧ B,B).
Now we let ΠIJ = (piIeJ − piJeI)/2 which can be conjugate to Σ
IJ in 3 + 1
decomposition. We write
S(e, pi,Σ) = c
∫ [
−4ΠIJ ∧ dΣ
IJ − 12piIpi
Ied4x
]
+ I(e,Ω ∧B,B). (2.2)
Using self-dual projection properties
P IJi P
i
KL + P¯
IJ
i P¯
i
KL =
1
2
(δIKδ
J
L − δ
I
Lδ
J
K), and P
i
IJ P¯
IJ
k = 0, (2.3)
we obtain
ΠIJ ∧ dΣ
IJ = Πi ∧ dΣ
i + C.C,
with
Πi = P
IJ
i ΠIJ and Σ
i = P iIJΣ
IJ .
Using it in Lagrangian 2.2, it becomes
S(e, pi,Σ) = c
∫ (
−4Πi ∧ dΣ
i + C.C − 12piIpi
Ied4x
)
+I(e,Ω∧B,B). (2.4)
We need to write piIpi
I using these variables, we have
Πiµ = P
IJ
i ΠIJµ = P
IJ
i (piIeJµ − piJeIµ)/2 = P
IJ
i piIeJµ,
therefore by using self-dual projection properties 2.3, we obtain
ΠiµΠ
iµ+C.C = P IJi piIeJµP
i
I′J ′pi
I′eJ
′µ+C.C = P IJi P
i
I′J ′piIeJµpi
I′eJ
′µ+C.C,
but piI and eIµ are real, so
ΠiµΠ
iµ+C.C = (P IJi P
i
I′J ′+C.C)piIpi
I′eJµe
J ′µ =
1
2
(δII′δ
J
J ′−δ
I
J ′δ
J
I′)piIpi
I′eJµe
J ′µ,
24
then using eJµe
J ′µ = δJ
′
J and eJµe
Jµ = 4, it becomes
ΠiµΠ
iµ + C.C = 2piIpi
I −
1
2
piIpi
JeJµe
Iµ = 2piIpi
I −
1
2
piIpi
I =
3
2
pi2.
Therefore we write the Lagrangian 2.4 as
S(Π,Σ) = c
∫ (
−4Πi ∧ dΣ
i − 8ΠiµΠ
iµed4x+ C.C
)
+I(e,Ω∧B,B). (2.5)
If we add the term ∆S, which by it we get
S(Π,Σ) = c
∫ (
−4Πi ∧DΣ
i − 8ΠiµΠ
iµed4x+ C.C
)
+∆S+I(e,Ω∧B,B).
(2.6)
With covariant derivative regarding the connection Ai = P iIJω
IJ .
In this formula we regard the scalar term ΠiµΠ
iµ as energy density of Σi,
while the form Πi ∧ dΣ
i as kinetic energy of it. We can choose ∆S+ I(e,Ω∧
B,B) = 0. Thus we obtain self-dual action
Sself−dual(Π,Σ) = −8c
∫ (
1
2
Πi ∧DΣ
i +ΠiµΠ
iµed4x
)
.
On 3+1 decomposition of the manifoldM , we get the term 1
2
εa0bcΠiaD0Σ
i
bced
4x =
−1
2
ε0abcΠiaD0Σ
i
bced
4x in which we define the gravitational electric field Eia =
ε0abcΣibc with conjugate momentum Πia.
We can remove Πi from this Lagrangian, δ
δΠ
Sself−dual = 0, and keep only
DΣi which contians only Σi and the connection ω in D = d + ω, as we did
for eI . Thus
Lself−dual(Π,Σ) =
8c
16
DµΣiνρ
(
DµΣiνρ −DνΣiµρ + ...
)
ed4x,
or
Lself−dual(Π,Σ) =
8c
16
(∗DΣi) ∧DΣ
i,
where ∗ is hudge operator with respect to a metric gµν on M .
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We can treat the action 2.1 in different way. Using ε0123 = −1, we rewrite
it as
S(e, pi,Σ) = c
∫ [
−4piIeJ ∧ dΣ
IJ + 12piIpi
IεIJKLΣ
IJ ∧ ΣKL/4!
]
+I(e,Ω∧B,B),
or
S(e, pi,Σ) = c
∫ [
−4piIeJ ∧ dΣ
IJ +
1
2
pi2εIJKLΣ
IJ ∧ ΣKL
]
+I(e,Ω∧B,B).
The path integral over the momentum piI vanishes unless
δS(e, pi,Σ)
δpiI
=
δ
δpiI
∫ [
−4piIeJ ∧ dΣ
IJ +
1
2
pi2εIJKLΣ
IJ ∧ ΣKL
]
+
δI(e,Ω ∧ B,B)
δpiI
= 0.
So we get the equation of motion of ΣIJ . But, it is not easy to separate Σ
from e. It is similar to the gravitational field, it is separable only in weak
gravity in background spacetime. Thus, we solve it in background spacetime,
then we generate the solution to arbitrary spacetime. Therefore, we use the
approximation:∫ (
−4piIeJ ∧ dΣ
IJ +
1
2
pi2εIJKLΣ
IJ ∧ ΣKL
)
→
∫ (
−4piIeµJ∂νΣ
IJ
ρσε
µνρσ +
1
2
pi2εIJKLΣ
IJ
µνΣ
KL
ρσ ε
µνρσ
)
d4x.
The background spacetime approximation is
eIµ(x)→ δ
I
µ + h
I
µ(x) , e→ 1 + δe,
thus we get
ΣIJµν =
1
2
(
eIµe
J
ν − e
I
νe
J
µ
)
→
1
2
(
δIµδ
J
ν − δ
I
νδ
J
µ
)
+
1
2
(
hIµδ
J
ν − h
I
νδ
J
µ
)
+
1
2
(
δIµh
J
ν − δ
I
νh
J
µ
)
.
Inserting it in the action
S (e,Σ) = c
∫ (
−4piIeµJ∂νΣ
IJ
ρσε
µνρσ +
1
2
pi2εIJKLΣ
IJ
µνΣ
KL
ρσ ε
µνρσ
)
d4x+I(e,Ω∧B,B),
it becomes
S (e,Σ)→ S (h, δΣ) = c
∫ (
−4piI∂νΣ
IJ
ρσεJ
νρσ +
1
2
pi2 (−24) + . . .
)
d4x.
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Therefore, the condition
δ
δpiI
∫ [
−4piIeJ ∧ dΣ
IJ +
1
2
pi2εIJKLΣ
IJ ∧ ΣKL
]
+
δI(e,Ω ∧B,B)
δpiI
= 0
approximates to
δ
δpiI
∫ (
−4piI∂νΣ
I
Jρσε
Jνρσ +
1
2
pi2 (−24) + ...
)
d4x = 0.
Its solution is
piI = −
1
6
∂νΣ
I
Jρσε
Jνρσ + ... = −
1
6
∂νΣIJρσεJνρσ + ...
Thus, the action in the background spacetime approximates to
S(Σ)→ c
∫ [
2
3
∂ν1ΣIJ1ρ1σ1εJ1ν1ρ1σ1∂νΣIJρσε
Jνρσ + ...
]
d4x.
Defining inner product via ΣIJ1ρ1σ1ΣIJρσ = Σ
2δJ1J δ
ρ1
ρ δ
σ1
σ , we get
S(Σ)→ c
∫ (
−4∂µΣ
νρ
IJ∂
µΣIJνρ + ...
)
d4x with ∂µΣ
µρ
IJ = 0.
This is action of real Plebanski two form in approximation of background
spacetime. It is similar to scalar field. The corresponding Lagrangian is
L0(Σ)→ −4c (∂µΣ
νρ
IJ)
(
∂µΣIJνρ
)
with ∂µΣ
µρ
IJ = 0.
In curved spacetime, we rewrite it as
L0(Σ)d
4x→ −4c′ (∂µΣ
νρ
IJ)
(
∂µΣIJνρ
)
ed4x. (2.7)
It does not transform covariantly because the partial derivative ∂µ does
not. But the total Lagrangian L(e, ω) transforms covariantly, thus L(e, ω) =
L(e, dΣ,Σ) + L(e,Σ ∧ B,B) transforms covariantly, Let us rewrite:
L(e, dΣ,Σ)+L(e,Σ∧B,B) = L(e, dΣ,Σ)+∆L−∆L+L(e,Σ∧B,B),
with L(e, dΣ,Σ) + ∆L transforms covariantly, and choose −∆L + L(e,Σ ∧
B,B) = 0, which determines the reference connection B. Thus, we get
L(e, dΣ,Σ) + ∆L→ L(Σ)d4x = −4c′ (DµΣ
νρ
IJ)
(
DµΣIJνρ
)
ed4x,
27
which transforms covariantly, where DΣIJ = dΣIJ+ωIK ∧Σ
KJ+ωJK ∧Σ
IK .
We get Lagrangian of the complex Plebanski two form field Σi = P iIJΣ
IJ
by using the selfdual projector P i, which projects the real Plebanski two form
ΣIJ into two states: selfdual |Σi〉 and anti-selfdual
∣∣Σ¯i〉. Thus, the term
DµΣ
νρ
IJD
µΣIJνρ
in the Lagrangian becomes
DµΣ
νρ
i D
µΣiνρ +DµΣ¯
νρ
i D
µΣ¯iνρ,
where the hermitian conjugate Σ¯νρi Σ¯
i
νρ is represented in anti-selfdual Σ¯
i =
P¯ iIJΣ
IJ .
We search for conditions which allow us to rewrite the complex Plebanski
two form field Σi as a real field. To do this, let us choose Σ¯i = 0, which
cancells out the terms of Σ¯i and makes Σi real field. So,
Σ¯i =
1
2
εijkΣjk − iΣ
0i = 0→
1
2
εijkΣjk = iΣ
0i, (2.8)
generally it becomes 1
2
εIJKLΣKL = iΣ
IJ . Therefore, Σ0i and e0 are pure
imaginary, so we replace X0 by iX0 and the metric ηIJ = (− + ++) by
(+ + ++).
Therefore, the Plebanski two form field in selfdual representation becomes
Σi =
1
2
εijkΣjk + iΣ
0i = εijkΣjk,
which is real as required for satisfying the reality condition.
Therefore, the Lagrangian of Plebanski two form field in selfdual representa-
tion becomes:
L0(Σ)d
4x = −4c′ (DµΣ
νρ
i )
(
DµΣiνρ
)
ed4x. (2.9)
Because Σi is real, so the covairant derivative is DΣ
i = dΣi + ωij ∧ Σ
j .
Let us combine the gravitational and Plebanski fields in one field Kiµ via
Kiµ =
1
2
(
eiµ +
i
4
εijkε0µρσΣ
ρσ
jk
)
,
28
its hermitian conjugate is
K¯iµ =
1
2
(
eiµ −
i
4
εijkε0µρσΣ
ρσ
jk
)
,
where i, j and k are local-Lorentz frame indices for I = i = 1, 2, 3. And
K0µ = e
0
µ with K¯
0
µ = −e
0
µ, here e
0
µ is pure imaginary as mentioned in eq.(2.2).
Therefore, we get
Kiµ + K¯
i
µ = e
i
µ and K
i
µ − K¯
i
µ =
i
4
εijkε0µρσΣ
ρσ
jk =
i
2
ε0µρσΣ
iρσ,
then we get
(
DνKiµ +D
νK¯iµ
) (
DνK
µ
i +DνK¯
µ
i
)
= DνeiµDνe
µ
i ,
and
(
DνKiµ −D
νK¯iµ
) (
DνK
µ
i −DνK¯
µ
i
)
=
−1
4
ε0µρσε
µρ′σ′
0 D
νΣiρσDνΣiρ′σ′
=
1
4
ε0µρσε
0µρ′σ′DνΣiρσDνΣiρ′σ′
= −DνΣiρσDνΣiρσ.
Therefore, we have
Dνe
µ
iD
νeiµ +DνΣ
iρσDνΣiρσ → 4DµK¯
iDµKi.
Using this in gravitational Lagrangian:
L (e) d4x = −
1
48c
1
2
(Dµe
ν
I )
(
DµeIν
)
ed4x,
and in Plebanski Lagrangian eq.(2.3):
L
(
Σ¯
)
d4x = −8c′
1
2
(
DνΣiρσDνΣiρσ
)
ed4x,
setting 8c′ = 1/(48c), we get
L (e) d4x+L
(
Σ¯
)
d4x→
1
12c
−1
2
(
DνK¯iµDνK
µ
i +D
νK¯0µDνK
0µ
)
ed4x. (2.10)
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using the metric (+ + ++), it becomes
L (e) d4x+ L
(
Σ¯
)
d4x→
1
12c
−1
2
(
δIJD
νK¯IµDνK
Jµ
)
ed4x. (2.11)
Generally, we write
L (K) d4x =
1
12c
−1
2
δIJ
(
DνK¯IµDνK
Jµ −DνK¯IµD
µKJν
)
ed4x.
It satisfies the reality condition as required.
3 Static potential of weak gravity
We derive the static potential of scalar and spinor fields interactions with
weak gravitational field in the static limit; the Newtonian gravitational po-
tential. We find that this potential has same structure for both fields, it
depends only on the distances between the particles and on their energies.
By that, we determine the constant c ≻ 0.
The action of scalar field in arbitrary curved spacetime is[1]
S(e, φ) =
∫
d4xe
(
ηIJeµI e
ν
JDµφ
+Dνφ− V (φ)
)
.
In weak gravity, we use approximation of background spacetime:
eµI (x)→ δ
µ
I + h
µ
I (x) , e→ 1 + δe.
Thus, action approximates to
S(e, φ) =
∫
d4x
(
∂µφ
+∂µφ+ hµν(x)∂µφ
+∂νφ+ h
νµ(x)∂µφ
+∂νφ− V (φ) + ...
)
.
The gravitational field is symmetric, so we get
S(e, φ) =
∫
d4x
(
∂µφ
+∂µφ+ 2hµν(x)∂µφ
+∂νφ− V (φ) + ...
)
.
The energy-momentum tensor of scalar field is[9]
Tµν = ∂µφ
+∂νφ+ gµνL,
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hence
∂µφ
+∂νφ = Tµν − gµνL.
Inserting it in the Lagrangian, it becomes
L = ∂µφ
+∂µφ+ 2hµν(x) (Tµν − gµνL)− V (φ) + ....
or
L = ∂µφ
+∂µφ+ 2hµνTµν − V (φ)− 2h
µνgµνL+ ....
Therefore, in the interaction term, we make the replacement:
∂µφ
+∂νφ→ Tµν and V → V + 2h
µνgµνL.
Because the gravitational field is weak, 2hµνgµνL is neglected compared with
L.
We find the potential V (r) of exchanged virtual gravitons by two particles
k1 and k2 usingM (k1 + k2 → k
′
1 + k
′
2) matrix element (like Born approxima-
tion to the scattering amplitude in non-relativistic quantum mechanics [10]).
For one of Feynman diagrams, we have
iM (k1 + k2 → k
′
1 + k
′
2) = i (−ik
′
2)µ (ik2)ν
∆¯µνρσ (q)
i
i (−ik′1)ρ (ik1)σ ,
with
q = k′1 − k1 = k2 − k
′
2.
The propagator ∆µνρσ (x2 − x1) is the gravitons propagator eq.(1.18) that we
get from Lagrangian of free gravitational field in background spacetime:
L0 =
1
48c
1
2
ηIJe
I
µ
(
gµν∂2 − ∂µ∂ν
)
eJν →
1
48c
1
2
ηIJh
I
µ
(
gµν∂2 − ∂µ∂ν
)
hJν .
With the gauge ∂µeIµ = 0, we get
∆IJµν (y − x) =
∫
d4q
(2pi)4
∆¯IJµν
(
q2
)
eiq(y−x) : ∆¯IJµν
(
q2
)
= 48c
gµνη
IJ
q2 − iε
.
31
Therefore, the M matrix element becomes
iM (k1 + k2 → k
′
1 + k
′
2) = i48c (−ik
′
2)µ (ik2)ρ
gµνgρσ
q2
(−ik′1)σ (ik1)ν ,
where
g = η and q = k′1 − k1 = k2 − k
′
2.
Comparing it with[10]
iM (k1 + k2 → k
′
1 + k
′
2) = −iV¯ (q) δ
4 (kout − kin) ,
we get
V¯
(
q2
)
= −48c (−ik′2)µ (ik2)ρ
gµνgρσ
q2
(−ik′1)σ (ik1)ν .
Then, comparing this formula with the replacement:
∂µφ
+∂νφ→ Tµν ,
and evaluating inverse Fourier transform, we get
V (y − x) = −48cTµρ (y) g
µνgρσTνσ (x)
1
4pi |y − x|
= −48c
Tµν (y)T
µν (x)
4pi |y − x|
,
where T µν is transferred energy-momentum tensor. It is anti-symmetric, so
the summation over the indices µ and ν is repeated twice. Therefore, we
divide the right side by 2:
V (y − x) = −
48c
2
Tµν (y)T
µν (x)
4pi |y − x|
.
In static limit, for one particle, we approximate T 00 to m, where m is the
mass of interacted particles.
Thus, we get Newtonian gravitational potential:
V (y − x) = −
48c
2
m2
4pi |y − x|
= −G
m2
|y − x|
→ 48c = 8piG.
Therefore, the weak gravitational Lagrangian becomes
L0 =
1
4piG
1
4
ηIJe
I
µ
(
gµν∂2 − ∂µ∂ν
)
eJν .
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We do the same thing for spinor fields’ interactions with gravitational
field. The action is[1]
S(e, ψ) =
∫
d4xe
(
ieµI ψ¯γ
IDµψ −mψ¯ψ
)
,
where the covariant derivative Dµ is
Dµ = ∂µ+(ωµ)
I
J L
J
I+A
a
µT
a.
In background spacetime, it becomes
S(e, ψ) =
∫
d4x
(
iψ¯γµDµψ + ih
µ
I ψ¯γ
IDµψ −mψ¯ψ + ...
)
.
Let us consider only the terms:
∫
d4x
(
iψ¯γµ∂µψ + ih
µ
ν ψ¯γ
ν∂µψ −mψ¯ψ
)
: g = η.
The energy-momentum tensor of spinor field is[9]
T µν = −iψ¯γµ∂νψ + gµνL.
Therefore, in the interaction term, we have the replacements
iψ¯γµ∂νψ → −Tµν and L→ L+ h
µνgµνL.
The term hµνgµνL is neglected compared with the Lagrangian L. We find M
matrix element of exchanged virtual gravitons p1 + p2 → p
′
1 + p
′
2. For one of
Feynman diagrams[10]:
iM (p1 + p2 → p
′
1 + p
′
2) = i48cu¯ (p
′
1) γ
µ (−ip1)ν u (p1)
gµσg
νρ
q2
u¯ (p′2) γ
σ (−ip2)ρ u (p2) ,
with
q = p′1 − p1 = p2 − p
′
2 and g = η,
we get
V¯
(
q2
)
= −48cu¯ (p′1) γ
µ (−ip1)ν u (p1)
gµσg
νρ
q2
u¯ (p′2) γ
σ (−ip2)ρ u (p2) .
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Comparing this formula with the replacement:
iψ¯γµ∂νψ → −Tµν ,
and evaluating inverse Fourier transform, we get
V (y − x) = −48c (−Tµρ (y)) g
µνgρσ (−Tνσ (x))
1
4pi |y − x|
= −48c
Tµν (y)T
µν (x)
4pi |y − x|
,
where T µν is transferred energy-momentum tensor. Dividing the right side
by 2:
V (y − x) = −
48c
2
Tµν (y)T
µν (x)
4pi |y − x|
.
In the static limit, for one particle, we approximate T 00 to m, where m
is the mass of interacted particles.
Thus, we get Newtonian gravitational potential:
V (y − x) = −
48c
2
m2
4pi |y − x|
= −G
m2
|y − x|
→ 48c = 8piG.
It is the same potential we found for the interaction of a scalar field with the
gravitational field.
4 Summary
We have derived Lagrangian of gravitational field with dependence only on
the second covariant derivative, like electromagnetic and scalar fields, that
means it has the same symmetries. So it makes it easier for unification the
gravity with other fields. We postulated the gravity propagation as expansion
of closed 3D surfaces in 4D arbitrary spacetime manifold, so this propagation
relates to changing in geometry of those surfaces due to that expansion. This
is dynamics of gravity; changing the geometry. We suggested spin connection
splitting, ω → Ω+B, and canonical states
∣∣e˜I〉 and ∣∣piI〉 just for using them
in path integral to get eq.(1.11):
W =
∫ ∏
I
De˜IDpiI exp i
∫ (
−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X
)
.
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Comparing the Lagrangian−12cpi2e0 ∧ e1 ∧ e2 ∧ e3 + piIDe˜
Id3X with Lagrangian
eq.(1.6):
cεIJKLe
I ∧ eJ ∧ (dΩ+ dB + Ω ∧ Ω + Ω ∧ B +B ∧ Ω +B ∧ B)KL ,
we postulate the equality eq.(1.7):
cεIJKLe
I ∧ eJ ∧ (dΩ + dB + Ω ∧ B +B ∧ Ω+B ∧B)KL = piIDe˜
Id3X.
We wrote this formula in simpler form; eq.(1.19).
In that path integral we considered cεIJKLe
I ∧ eJ ∧ (Ω ∧ Ω)KL as self-energy
of e˜I on the surface δM , and piIDe˜
Id3X as kinetic energy which relates to
expansion of those surfaces. Using the original states
∣∣eIµ〉 and ∣∣ωIJµ 〉, we get
16piGL(e, ω) =
(
−Dµe
ν
ID
µeIν +Dµe
ν
IDνe
Iµ
)
ed4x.
We use same methods for Plebanski field to get Lagrangian like
L(Σ)d4x = −4c′ (DµΣ
νρ
i )
(
DµΣiνρ
)
ed4x,
with the gauge (1/2)εIJKLΣKL = iΣ
IJ . Therefore, Σ0i and e0 are pure
imaginary, so we replace X0 by iX0 and the metric ηIJ = (− + ++) by
(++++). This metric allows us to combine the gravititional and Plebanski
fields in one field KIµ, we get the Lagrangian
24cL (K) d4x = −δIJ
(
DνK¯IµDνK
Jµ −DνK¯IµD
µKJν
)
ed4x.
Finally we derived the interaction potential of spinor and scalar fields with
the gravity in static limit ”Newtonian gravitational potential” which allows
us to determine the constant c.
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